It is well known that the homology of a nonsingular complex projective variety X with a C* action is determined by the homology of the connected components 
in the Bialynicki-Birula decomposition of X (see {5, 6, 10, 13] ). The same formula holds for appropriate integers my when C* is replaced by a torus T = (c*f.
In [9] it is shown that the formula (0.1) is valid even when X is singular, provided that the Bialynicki-Birula decomposition is "good". The aim of this paper is to generalize (0.1) to the case when X is singular in a different way, which involves replacing ordinary homology by intersection homology (with respect to the middle perversity). However only rational coefficients are considered. When X is nonsingular its intersection homology and ordinary homology coincide, but when X is singular its intersection homology behaves better in many respects than its ordinary cohomology.
It is shown that when X is singular, just as when X is nonsingular, the rational intersection homology of X is determined by the action of T on an arbitrarily small neighborhood of the fixed point set XT . As might be expected, the formula (0.1) does not carry over directly when intersection homology replaces ordinary homology. The terms H j _ 2m , (F,/ ; Z) appearing in the right-hand side are replaced by hypercohomology groups of certain complexes of sheaves over the F,/ which depend upon how the F,/ meet the singularities of X (see Theorem 2.3).
§ 1 of this paper contains a review of a proof of (0.1) for rational coefficients which uses equivariant Morse theory. In §2 it is shown how this proof can be extended to apply to singular varieties when intersection homology is used. The argument depends on the existence of a T -equivariant resolution of X, which is a consequence of Hironaka's equivariant resolution of singularities theorem announced in [24] .
1.
In this section let X be a nonsingular complex projective variety with an algebraic action of a torus T = (C·/. Let {F,.Il ~ Y ~ /} be the connected components of the fixed point set XT of T in X. Then each Fy is a nonsingular closed subvariety of X.
Consider first the case T = C·. For each x E X the morphism C· -X given by A. -A.·x extends uniquely to a morphism C -X [21, II, 4.7] . Denote by lim). ...... o A.
• x the image of 0 under this morphism: it is always a fixed point of the action. The Bialynicki-Birula decomposition of X is a decomposition of X as a disjoint union of nonsingular locally closed subvarieties S!, ... ,Sf where (1.1) The Fubini-Study form w is a Kahler form on X. By averaging we may assume that w is invariant under the action of the maximal compact subgroup S! of C·. Thus the action of S! preserves the symplectic structure on X defined by w. There exists a momentum map p,: X _ (Lie S!)· for this action.
That is, p, satisfies p,(A.. x) = p,(x) and ( 1. 2) for all A. E S! , x EX, ~ E TxX and a E LieS! , where x 1-+ ax is the vector field on X defined by the infinitesimal action of a (see [10, 13, 26] ).
The Bialynicki-Birula decomposition of X can also be defined as the Morse stratification associated to the function p,: X _ (Lie S!)· = R, which is a nondegenerate Morse function in the sense of [7] (see [2] ). That is, a point x E X lies in Sy if and only if the limit of its forward trajectory under the gradient flow of p" with respect to the Kahler metric, lies in Fy (see [10] ). In particular the Fy may be indexed in such a way that for each i.
Thus to prove that the formula (0.1) is valid with rational coefficients it suffices to show that the stratification {Sy 11 ~ y ~ /} is perfect. Before describing how this can be done using equivariant cohomology, let us consider what happens when C* is replaced by a torus T = (C* t . Let To = (S 1 t be the maximal compact subgroup of T. There exists a To-invariant Kahler structure on X with a momentum map #: X --+ (Lie Tot. If a is a generic element of Lie To (to be precise, if exp Ra is dense in To) then the function f:
. a is a nondegenerate Morse function in the sense of [7] , and its critical points are precisely the fixed points of the action (see, e.g., [2] ). So there is a stratification {Sy11 ~ Y ~ /} of X such that a point x E X lies in 
(-+00 Thus we can conclude that the stratification {S'Ill ~ y ~ /} is both perfect and equivariantly perfect over Q, and hence that (1.7) holds.
Note that in particular we have proved the following lemma. In the next section we shall adapt this argument to the case where X may be singular and cohomology is replaced by intersection cohomology. Let us finish this section with a few remarks about the definition of the stratification {S'Ill ~ y ~ /} when X is singular.
If X is a normal variety, then by [29, Corollary 1.6] there is an embedding of X in some complex projective space Pm such that the action of T on X extends to a linear action on Pm' Let {<I>c: 1 ~ c ~ A.} be the connected components of the fixed point set P~ of T on Pm' Choose a E Lie To such that exp Ra is dense in To' and define a stratification {~c 11 ~ c ~ A.} of Pm
as above. As before we may assume that (1. 13) fc C U ~b b?c for each c. If x El:cnX then exp(ito:)·x lies in X forall tER because X is T-invariant and hence lim l -+ oo exp(ito:)·x E Cl>cnX because X is closed in Pm' Thus l:c nX retracts onto Cl>c nX. In particular each connected component of l:c n X contains a unique connected component of CI> c n X. Let {F y 11 :5 y :5 /} be the connected components of the fixed point set XT = X n P~. Then for each y there is a unique c = c(y) such that Fy is a connected component of Cl>c n X . Let (1.14)
Then Sy is a connected component of l:C(YJ n X and hence is a locally closed subvariety of X which retracts onto F y • Moreover we may assume that p < y if c(P) < c(y), so that (1.13) implies
Definition (1.15) of the strata Sy depends on the choice of 0: E Lie To but not on the embedding of X in projective space. It will be assumed for the rest of this paper that an appropriate choice has been made of 0:. A more sophisticated definition of intersection homology which does not depend on choosing a Whitney stratification involves giving criteria which uniquely characterize the complex of sheaves IC~ up to quasi-isomorphism [17, 4.1] . It is also possible to define intersection cohomology with coefficients in a local system on the nonsingular part of Y.
2.
The intersection cohomology of a singular projective variety satisfies many of the properties satisfied by the ordinary cohomology of nonsingular projective varieties, such as Poincare duality, the hard Lefschetz theorem, the Lefschetz hyperplane theorem and Hodge decomposition. One important result concerning intersection cohomology which will be needed in this paper is the decomposition theorem of Beilinson, Bertstein, Deligne and Gabber, which was conjectured in [14] and proved in [4, 6.25 ] (see also [20, 28] given by the theorem is not a priori canonical, but there is a natural choice of decomposition associated to any factorization of f: A --+ B as an embedding of A in B x Pm for some m, followed by projection onto B (see [28, §12] and [4, 5.4 
]).
In fact (2.1) is a consequence of applying hypercohomology to a stronger result on complexes of sheaves on B. There is a quasi-isomorphism (2.2) where ia.:
If a compact group K acts on a quasi-projective variety Y then there is a natural way of defining the equivariant intersection cohomology IHi(Y; Q) of Y (see [8, 25] ; also (2.12) below).
Our aim is to prove the following result. 
I'
Applying Poincare duality to both sides we also get
where my is the codimension of SI" In particular when X is nonsingular we recover (0.1). The first step in the proof of (2.3) is to consider the stratification {S1'11 ~ y ~ I} of X defined at the end of §1. For each y, VI' = Up~1' Sp is an open T -invariant subset of X containing SI' as a closed subvariety with VI' -SI' = VI'_I . There is a long exact sequence of intersection cohomology
(2.6) Lemma. This long exact sequence breaks up into short exact sequences
Since VI' = X and Vo = 0 this lemma has the following immediate corollary. Proof of (2.6) . It is enough to prove that the restriction maps 
of 11: to 11: -I (VI') is a resolution of singularities of VI" Since 11: -I (VI') is nonsingular its intersection cohomology coincides with its ordinary cohomology. Hence it follows from the decomposition theorem (see (2.1) above) that I Hi (VI' ; Q) is a direct summand of Hi (11: -I ( VI') ; Q). Moreover we may choose the decompositions in such a way that the corresponding projections from H i (1I:-I (VI') ;Q) onto IHi(V;Q) fit into commutative diagrams 
H i (1I:-I (VI');Q) ____ H i (1I:-I (VI'_I);Q)

IHj(Uy• Uy_
This completes the proof of Theorem (2.3).
If we replace intersection cohomology I H* by equivariant intersection cohomology IH;o throughout the proof of (2.6), we find that there exist short exact sequences This action is free and proper, and the quotient is (P q )'. Suppose that Y is any quasi-projective variety and T acts linearly on Y. Then the diagonal action of T on Y x Eq is free and proper for each q 2: 0, and the quotient Y x T E q is a complex analytic variety which fibers over (P q)' with fiber Y. The quotient can also be regarded as an algebraic scheme in a natural way [29, 1.9 and 1.8 (4)], and the fibration Y x T Eq --> (P q )' is algebraic. The comparison theorem for spectral sequences [31] implies that the intersection cohomology group IHi(y x T Eq; Q) is independent of q provided that 2q 2: i. Since T is homotopy equivalent to To and its classifying space is r copies of infinite projective space (P cx,)' it is natural to make the following definition: (2.12) for any q > 1 i. Alternatively one can use the more sophisticated definition of equivariant intersection cohomology given in [8, §2] (see also [25] ): then it is easy to check that (2.12) holds. Finally note that if f: A --> B IS a proper projective map of complex varieties then so is the induced map fT:A X T Eq --> B X T Eq for any q. Thus the decomposition theorem for equivariant intersection cohomology follows immediately from the ordinary decomposition theorem (2.1).
From ( p+q=i (see [8, 4.2] ). It follows from (2.7), (2.13) and (2.14) that these inequalities are all equalities, and hence that the spectral sequence degenerates. 
. To y' y y'
To "I' To "I y'
into short exact sequences for each y. This is always the case when X is nonsingular by the Atiyah-Bott criterion [3, 1.8 and 2.14]. More generally it can be shown to be true by the argument of (2.6) when there is a T-equivariant resolution of singularities n: Y -+ X such that n -I (XT) is nonsingular.
(2.20) Example. Let X be the cubic hypersurface in P 4 defined by the equation 
